We consider smooth electrovac spacetimes which represent either (A) an asymptotically flat, stationary black hole or (B) a cosmological spacetime with a compact Cauchy horizon ruled by closed null geodesics. The black hole event horizon or, respectively, the compact Cauchy horizon of these spacetimes is assumed to be a smooth null hypersurface which is non-degenerate in the sense that its null geodesic generators are geodesically incomplete in one direction. In both cases, it is shown that there exists a Killing vector field in a one-sided neighborhood of the horizon which is normal to the horizon. We thereby generalize theorems of Hawking (for case (A)) and Isenberg and Moncrief (for case (B)) to the non-analytic case.
Introduction
A key result in the theory of black holes is a theorem of Hawking [1, 2] (see also [3, 4] ), which asserts that, under certain hypotheses, the event horizon of a stationary, electrovac black hole is necessarily a Killing horizon, i.e., the spacetime must possess a Killing field (possibly distinct from the stationary Killing field) which is normal to the event horizon. The validity of this theorem is of crucial importance in the classification of stationary black holes, since it reduces the problem to the cases covered by the well-known uniqueness theorems for electrovac black holes in general relativity [5, 6, 7, 8, 9, 10] . However, an important, restrictive hypothesis in Hawking's theorem is that the spacetime be analytic.
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Killing vector field which is normal to the the Cauchy horizon. This result supports the validity of the strong cosmic censorship hypothesis [13] by demonstrating that the presence of such a compact Cauchy horizon is "non-generic". The Isenberg-Moncrief theorem also contains the important, restrictive hypothesis that the spacetime be analytic.
The main purpose of this paper is to show that the theorems of Hawking and of Isenberg and Moncrief can be proven in the case of a smooth (as opposed to analytic) geometrical setting. 1 However, a fundamental limitation of our method is that we are able to prove existence of the Killing field only on a one-sided neighborhood of the relevant horizon. For the Hawking theorem, this one-sided neighborhood corresponds to the interior of the black hole, whereas the existence of a Killing field in the exterior region is what is relevant for the black hole uniqueness theorems. However, for the Isenberg-Moncrief theorem, the one-sided neighborhood corresponds to the original Cauchy development, so our results significantly strengthen their conclusion that the presence of a compact Cauchy horizon ruled by closed null geodesics is an artifact of a spacetime symmetry.
This paper is organized as follows: In Section 2 we consider stationary black hole spacetimes and establish the existence of a suitable discrete isometry which maps each generator of the event horizon into itself. As seen in Section 3, by factoring the spacetime by this isometry, we produce a spacetime having the local geometrical properties of the spacetimes considered by Isenberg and Moncrief. This construction explicitly demonstrates the close mathematical relationship between the Hawking and Isenberg-Moncrief theorems. In Section 3, we also review the relevant result of Isenberg and Moncrief, which shows that in suitably chosen Gaussian null coordinates defined in the "unwrapping" of certain local neighborhoods covering the horizon, N , all the fields and their coordinate derivatives transverse to N are independent of the coordinate u on N . In the analytic case, this establishes that (∂/∂u) a is (locally) a Killing field. Section 4 contains the key new idea of the paper: We use the methods of [15] , [16] to extend the region covered by the local Gaussian null coordinates of Isenberg and Moncrief so that the extended spacetime is smooth and possesses a bifurcate null surface. This bifurcate null surface then provides a suitable initial data surface, from which the existence of a Killing field on the extended (and, hence, on the original) spacetime can be established without appealing to analyticity. The results concerning the null initial value formulation that are needed to establish the existence of a Killing field are proven in an appendix.
Throughout this paper a spacetime (M, g ab ) is taken to be a smooth, paracompact, connected, orientable manifold M endowed with a smooth Lorentzian metric g ab of signature (+, −, −, −). It is assumed that (M, g ab ) is time orientable and that a time orientation has been chosen. The Latin indices a, b, c... will be used as abstract tensor indices [17] , the Latin indices i, j, k... will denote tetrad components (used only in Appendix B), and Greek indices will denote coordinate components.
Stationary black hole spacetimes
In this section we shall give a mathematically precise specification of the class of stationary, black hole spacetimes to be considered, and we then shall prove existence of a discrete isometry which maps each generator of the horizon into itself.
We consider smooth, strongly causal spacetimes (M, g ab ) which are (k, α)-asymptotically stationary as specified in definition 2.1 of [18] . Thus, we assume that (M, g ab ) possesses a one-parameter group of isometries, φ t , generated by a Killing vector field t a , and possesses a smooth acausal slice Σ which contains an asymptotically flat "end", Σ end , on which t a is timelike and the properties specified in definition 2.1 of [18] hold. However, the precise asymptotic flatness conditions given in that definition will not be of great importance here, and could be significantly weakened or modified.
We further require that if any matter fields (such as an electromagnetic field, F ab ) are present in the spacetime, then they also are invariant under the action of φ t .
We define M end to be the orbit 2 of Σ end under the isometries
The black hole region B is defined to be the complement of I − [M end ] and the white hole region W is defined to be the complement of I + [M end ]. We require that (M, g ab ) possess a black hole but no white hole, i.e. W = ∅ which implies that
Note that the domain of outer communications D associated with the asymptotically flat end is, in general, defined to be the intersection of the chronological future and past of M end , but, in view of eq.(2.2), we have simply
3)
The (future) event horizon of the spacetime is defined by
Our final requirement is that N is smooth and that the manifold of null geodesic generators of N has topology S 2 (so that N has topology R × S 2 ). We begin with the following lemma Lemma 2.1 Let (M, g ab ) be a spacetime of class A. Then for all q ∈ N and all t = 0 we have φ t (q) = q. In particular, t a is everywhere non-vanishing on N .
Proof Suppose that for some q ∈ N and some t = 0 we had φ t (q) = q.
Since φ nt (q) = q for all integers n, it follows that φ nt (p) ∈ I − (q) for all n, from which it follows that φ{p} ∈ I − (q). Therefore, by lemma 3.1 of [18] , we have I − (q) ⊃ M end and, hence,
, it follows that q lies on a future inextendible null geodesic, γ, contained within N . Let r lie to the future of q along γ. Let O be an open neighborhood of r which does not contain q and let V be any open neighborhood of r with V ⊂ O. Since r ∈ N = ∂I − [M end ] = ∂D, we have V ∩ D = ∅. Hence we can find a causal curve which starts in V ∩ D, goes to q (since I − (q) ⊃ D) and then returns to r along γ. This violates strong causality at r. Proof By Proposition 9.3.1 of [2] , the expansion and shear of the null geodesic generators of N must vanish. By Lemma B.1 of Appendix B, this implies that L k g ′ ab = 0 on N , where g ′ ab denotes the pullback of g ab to N and k a is any smooth vector field normal to N (i.e., tangent to the null geodesic generators of N ). Since we also have g ′ ab k b = 0, it follows from the Appendix of [23] that g ′ ab gives rise to a negative definite metric,ĝ AB , on the manifold, S, of null geodesic orbits of N . By our assumptions, S has topology S 2 . Now, for all t, φ t maps N into itself and also maps null geodesics into null geodesics. Consequently, φ t gives rise to a one parameter group of diffeomorphismsφ t on S, which are easily seen to be isometries ofĝ AB . Lett A denote the corresponding Killing field on S. Ift A vanishes identically on S (corresponding to the case where t a is normal to N ), then the conclusion of the Proposition holds for all t 0 = 0. On the other hand, ift A does not vanish identically, then since the Euler 3 Furthermore, if N is smooth and ς is compact, then ς also is a cross-section for the null geodesic generators of N . Namely, smoothness of N precludes the possibility that a null geodesic generator, γ, of N has endpoints. (Future endpoints are excluded in any case, since N is a past boundary.) To show that γ must intersect ς, let r ∈ γ and let t be such that φ −t (r) ∈ ς. (Such a t exists since ς is a cross section for Killing orbits.) Suppose that t > 0. If γ failed to intersect ς, then the segment of γ to the past of r would be a past inextendible null geodesic which is confined to the compact region bounded by ς and φt [ς] . This violates strong causality. Similar arguments apply for the case where t < 0, thus establishing that γ must intersect ς. Finally, if γ intersected ς at two points, q, s, then by achronality of C, the segment of γ between q and s must coincide with a null geodesic generator, λ, of C. When extended maximally into the past, this geodesic must remain in N (by smoothness of N ) and in C (since C is a future boundary and p ∈ N ). Thus, we obtain a past inextendible null geodesic which lies in the compact set ς = N ∩ C, in violation of strong causality. 4 Note that the conclusion of this Proposition was assumed to be satisfied in the proof of Prop. 9.3.6 of [2] , but no justification for it was provided there.
characteristic of S is non-vanishing, there exists a p ∈ S such thatt
A (p) = 0. By the argument given on pages 119-120 of [24] , it follows that there exists a t 0 = 0 such thatφ t0 is the identity map on S. Consequently, φ t0 maps each null geodesic generator of N into itself.
Isenberg-Moncrief Spacetimes
In this Section, we shall consider spacetimes, (M, g ab ), which contain a compact, orientable, smooth null hypersurface, N , which is generated by closed null geodesics.
Definition 3.1 Spacetimes which satisfy the above properties will be referred to as spacetimes of class B.
Spacetimes of class B arise in the cosmological context. In particular, the Taub-NUT spacetime and its generalizations given in Refs. [25, 26, 27] ) provide examples of spacetimes of class B. In these examples, N is a Cauchy horizon which separates a globally hyperbolic region from a region which contains closed timelike curves. However, it should be noted that even among the Kerr-Taub-NUT spacetimes one can find (see Ref. [25] ) spacetimes with compact Cauchy horizons for which almost all of the generators of the horizon are not closed. Therefore it should be emphasized that here we restrict consideration to horizons foliated by circles.
Since strong causality is violated in all spacetimes of class B, it is obvious that no spacetime of class A can be a spacetime of class B. Nevertheless, the following Proposition shows that there is a very close relationship between spacetimes of class A and spacetimes of class B: Proof Let t 0 > 0 be as in Proposition 2.1. By Lemma 2.1, φ t0 has no fixed points on N . Since the fixed points of an isometry comprise a closed set, there exists an open neighborhood, U, of N which contains no fixed points of φ t0 . Let O = φ{U}. Then clearly O also is an open neighborhood of N which contains no fixed points of φ t0 . Moreover, φ t0 maps O into itself. Let (M ,g ab ) be the factor space of (O, g ab ) under the action of the isometry φ t0 . Then (M ,g ab ) is a spacetime of class B, with covering space (O, g ab ).
Now, if a spacetime possesses a Killing vector field ξ a , then any covering space of that spacetime possesses a corresponding Killing ξ ′ a that projects to ξ a . Consequently, if the existence of a Killing field is established for spacetimes of class B, it follows immediately from Proposition 3.1 that a corresponding Killing field exists for all spacetimes of class A. In particular, for analytic electrovac spacetimes of class B, Isenberg and Moncrief [11, 12] proved existence of a Killing field in a neighborhood of N which is normal to N . Consequently, for any analytic, electrovac spacetime of class A, there also exists a Killing field in a neighborhood of N which is normal to N . Thus, Hawking's theorem [1, 2] may be obtained as a corollary of the theorem of Isenberg and Moncrief together with Proposition 3.1.
The main aim of our paper is to extend the theorems of Hawking and of Isenberg and Moncrief to the smooth case. In view of the above remark, it suffices to extend the Isenberg-Moncrief theorem, since the extension of the Hawking theorem will then follow automatically. Thus, in the following, we shall restrict attention to spacetimes of class B.
For spacetimes of class B, N is a compact, orientable 3-manifold foliated by closed null geodesics. To discuss this situation we introduce some terminology (cf. [28] for more details). The "ordinary fibered solid torus" is defined as the set D 2 × S 1 with the circles {p} × S 1 , p ∈ D 2 , as "fibers". Here D 2 denotes the 2-dimensional closed unit disk. A "fibered solid torus" is obtained by cutting an ordinary fibered solid torus along a disk D 2 × {q}, for some q ∈ S 1 , rotating one of the disks through an angle m n 2 π, where m, n are integers, and gluing them back again. While the central fiber now still closes after one cycle, the remaining fibers close in general only after n cycles. We note that there exists a fiber preserving n : 1 map ψ of the ordinary fibered solid torus onto the fibered solid torus which is a local diffeomorphism that induces a n : 1 covering map on the central fiber.
As shown in [12] , it follows from Epstein's theorem [29] that the null geodesics on N represent the fibers of a Seifert fibration. This means that any closed null geodesic has a "fibered neighborhood", i.e. a neighborhood fibered by closed null geodesics, which can be mapped by a fiber preserving diffeomorphism onto a fibered solid torus. Because N is compact, it can be covered by a finite number of such fibered neighborhoods, N i . For any neighborhood N i there is an ordinary fibered solid torus N i which is mapped by a fiber preserving map ψ i onto N i as described above. Further we can choose a tubular spacetime neighborhood, U i , of N i , so that U i has topology D 2 × R × S 1 and the fibration of N i extends to U i . There exists then a fibered extension
to which ψ i can be extended to a fiber preserving local diffeomorphism which maps U i onto U i . We denote the extension again by ψ i . Let O i denote the universal covering space of
. We denote the projection map from O i onto U i by ψ i , set ψ i = ψ i • ψ i , and denote the inverse image of N i under ψ i by N i .
We will refer to (O i , ψ * i g ab ) as an elementary spacetime region. Note that for the case of a spacetime of class B constructed from a spacetime of class A in the manner of Proposition 3.1, O i may be identified with a neighborhood of a portion of the horizon in the original (class A) spacetime.
Our main results will be based upon the following theorem, which may be extracted directly from the analysis of Isenberg and Moncrief [11, 12] : 
for all n ∈ N ∪ {0}.
Remark 3.1 Along the null geodesic generators of N i the vector field k a = (∂/∂u) a (which we take to be future directed) satisfies the equation [12] , it can be shown that the k a further projects to a Killing vector field under the action of the map ψ i , so that the map ψ i = ψ i • ψ i projects k a = (∂/∂u) a to a well-defined Killing field in a neighborhood of N i . The arguments of [11, 12] In the next section, we shall generalize the result of Remark 3.2 to the smooth case. However, to do so we will need to impose the additional restriction that κ • = 0, and we will prove existence only on a one-sided neighborhood of the horizon.
Existence of a Killing vector field
The main difficulty encounted when one attempts to generalize the Isenberg-Moncrief theorem to the smooth case is that suitable detailed information about the spacetime metric and Maxwell field is known only on N (see eq.(3.2) above). If a Killing field k a exists, it is determined uniquely by the data k a , ∇ [a k b] at one point of N , because equations (B.4), (B.6) imply a system of ODE's for the tetrad components k j , ∇ [i k j] along each C 1 curve. But the existence of a Killing field cannot be shown this way. Thus we will construct the Killing field as a solution to a PDE problem. However, N is a null surface, and thus, by itself, it does not comprise a suitable initial data surface for the relevant hyperbolic equations. We now remedy this difficulty by performing a suitable local extension of a neighborhood of N i which is covered by the Gaussian null coordinates of Theorem 3.1. This is achieved via the following Proposition: 
where, in the Gaussian null coordinates of Theorem 3.1, the components, g
µν , of g
ab are independent of u, whereas the components, γ µν , of γ ab and all of their derivatives with respect to r vanish at r = 0 (i.e., on N i ). Furthermore, taking account of the periodicity of γ µν in u (so that, in effect, the coordinates (u, x 3 , x 4 ) have a compact range of variation), we see that for all integers j ≥ 0 we have throughout
for some constants C j . Similar relations hold for all partial derivatives of γ µν .
It follows from eq. 
ab ) such that g ab introduced in [15, 16] . In terms of these coordinates, O (24) and (25) of [15] ), we see that the Kruskal components of γ ab and all of their Kruskal coordinate derivatives also go to zero uniformly on compact subsets of (V, x 3 , x 4 ) in the limit as U → 0. It follows that the tensor field γ ab on O ′′ i extends smoothly to U = 0-i.e., the null hypersurface N * 2 of O * -such that γ ab and all of its derivatives vanish on N * 2 . We now further extend γ ab to the region U < 0-thereby defining a smooth tensor field γ * ab on all of O * -by requiring it to be invariant under the above wedge reflection isometry. In O * , we define 
a is a Killing field) and L k g ab = 0 (as noted in the proof of Proposition 4.1). It follows immediately that ∇ a ϕ = 0 on N i , so we may rescale K a so that K a = k a on N i . Since the construction of k a off of N i (as described in Appendix A) is identical to that which must be satisfied by a Killing field (as described in Remark B.1 below), it follows that K a = k a within their common domain of definition. Thus, the vector field k a = (∂/∂u) a -which previously had been shown to be a Killing field in the analytic case-also is a Killing field in the smooth case in J + [ N i ] ∩ V i . By exactly the same arguments as given in [11, 12] (see Remark 3.2 above) it then follows that the map ψ i = ψ i • ψ i projects k a = (∂/∂u) a to a well-defined Killing field in a one-sided neighborhood of N i , and that the local Killing fields obtained for each fibered neighborhood can be patched together to produce a global Killing field on a one-sided neighborhood of N of the form
In view of Proposition 3.1, we have the following Corollary 
A Gaussian null coordinate systems
In this Appendix the construction of a local Gaussian null coordinate systems will be recalled.
Let (M, g ab ) be a spacetime, let N be a smooth null hypersurface, and let ς be a smooth spacelike 2-surface lying in N . Let x 3 , x 4 be coordinates on an open subset ς of ς. On a neighborhood of ς in N , let k a be a smooth, non-vanishing normal vector field to N , so that the integral curves of k a are the null geodesic generators of N . Without loss of generality, we may assume that k a is future directed.
On a sufficiently small open neighborhood, S, of ς × {0} in ς × R, let ψ : S → N be the map which takes (q, u) into the point of N lying at parameter value u along the integral curve of k At each p ∈ N let l a be the unique null vector field on N satisfying l a k a = 1 and l a X a = 0 for all X a which are tangent to N and satisfy X a ∇ a u = 0. On a sufficiently small open neighborhood, Q, of N × {0} in N × R, let Ψ : Q → M be the map which takes (p, r) ∈ Q into the point of M lying at affine parameter value r along the null geodesic starting at p with tangent l a . Then Ψ is C ∞ and it follows from the inverse function theorem that Ψ is 1 : 1 and onto from an open neighborhood of N × {0} onto an open neighborhood, O, of N in M. We extend the functions u, x 3 , x 4 from N to O by requiring their values to be constant along each null geodesic determined by l a . Then u, r, x 3 , x 4 yields a coordinate system on O which will be referred to as Gaussian null coordinate system. Note that on N we have k a = (∂/∂u) a . Since by construction the vector field l a = (∂/∂r) a is everywhere tangent to null geodesics we have that g rr = 0 throughout O. Furthermore, we have that the metric functions g ru , g r3 , g r4 are independent of r, i.e. g ru = 1, g r3 = g r4 = 0 throughout O. In addition, as a direct consequence of the above construction, g uu and g uA vanish on N . Hence, within O, there exist smooth functions f and h A , with f | N = (∂g uu /∂r) | r=0 and h A | N = (∂g uA /∂r) | r=0 , so that the spacetime metric in O takes the form ds
where g AB are smooth functions of u, r, x 3 , x 4 in O such that g AB is a negative definite 2 × 2 matrix, and the uppercase Latin indices take the values 3, 4.
B The existence of a Killing field tangent to the horizon
The purpose of this section is to prove the following fact. It will be convenient to use the formalism, notation, and conventions of [30] in a gauge adapted to our geometrical situation. Since we will be using the tetrad formalism, throughout this Appendix we shall omit all abstract indices a, b, c... on tensors and use the indices i, j, k... to denote the components of tensors in our tetrad. We begin by choosing smooth coordinates u = x 1 , r = x 2 , x A , A = 3, 4, and a smooth tetrad field
Proposition B.1 Suppose that (M, g, F ) is a time oriented solution to the Einstein-Maxwell equations with Maxwell field F (without sources). Let
with g ik = g(z i , z k ) such that g 12 = g 21 = 1, g 34 = g 43 = −1 are the only non-vanishing scalar products. Let x A be coordinates on a connected open subset ζ of Z on which also m, m can be introduced such that they are tangent to ζ. On ζ we set x 1 = 0, x 2 = 0 and assume that l is tangent to N 1 , n is tangent to N 2 , and both are future directed. The possible choices which can be made above will represent the remaining freedom in our gauge. We assume
and set ζ c = {x 1 = c} ⊂ N ′ 2 for c ≥ 0, where N ′ 2 denotes the subset of N 2 generated by the null geodesics starting on ζ. We assume that m, m are tangent to ζ c . From the transformation law of the spin coefficient γ under rotations m → e i φ m we find that we can always assume that γ = γ on N ′ 2 . With this assumption m, whence also l, will be fixed uniquely on N ′ 2 and we have
The coordinates and the frame are extended off N ′ 2 such that
is the subset of N 1 generated by the null geodesics starting on ζ), we obtain by this procedure a smooth coordinate system and a smooth frame field which has in these coordinates the local expression
We have
We shall use alternatively the Ricci rotation coefficients defined by ∇ i z j ≡ ∇ zi z j = γ j l i z l or their representation in terms of spin coefficients as given in [30] . The gauge above will be used in many local considerations whose results extend immediately to all of N 1 and N 2 . We shall then always state the extended result.
We begin by showing the necessity of the conditions on the null hypersurfaces in Proposition B.1 and some of their consequences. Proof We can assume that N coincides with the hypersurface N 1 . Then we have in our gauge X = X 1 z 1 on N with X 1 = 0, and
on N with i, j = 2. By our gauge this is equivalent to 0 = γ (A 2 B) = −σ δ In particular, we have The NP equations involving only the operators δ, δ, the data (B.1), and our gauge conditions allow us to calculate the functions α, β, Ψ 1 = 0, Ψ 2 , Ψ 3 = 0 on Z. Then all metric coefficients, spin coefficients, and the Weyl, Ricci, and Maxwell spinor fields are known on Z. The remaining assertions follow by integrating in the appropriate order the NP equations (cf. also the appendix of [30] ) involving the operator D on N 
Proof We note, first, that the statement above is reasonable, because the vector fields z 1 , z 2 can be defined globally on N 1 and N 2 respectively and the form of K given above is preserved under rescalings consistent which our gauge freedom on Z.
To determine their explicit form we use, in addition to the Killing equation
the identity
which holds for arbitrary smooth vector field K and metric g and which implies, together with eq.(B.4), the integrability condition
The restriction of eq.(B.4) to ζ gives
. Using this expression to evaluate eq.(B.6) on ζ for i = A = 3, 4, and observing that ζ is connected we get z A (h) = 0, whence h = const. on ζ. Since Z is connected the same expression for ∇ i K j will be obtained everywhere on Z with the same constant h. If h were zero, K would vanish identically by equations (B.4) and (B.6). Since K is assumed to be non-trivial we have h = 0 and can rescale K to achieve h = 1.
Equations (B.4), (B.6) imply in our gauge
, which, together with the value of ∇ i K j , i, j = 1, 2, on Z entail our assertion.
Taking into account ρ = 0, σ = 0 on N 1 , µ = 0, λ = 0 on N 2 , and in particular eq.(B.2), we immediately get the following.
Lemma B.4 By calculations which involve only inner derivatives on the respective null hypersurface one obtains from eq.(B.3)
∇ i K j = δ Proof The uniqueness of the solution is an immediate consequence of standard energy estimates. The results in [31] or [32] Proof The equations above need to be deduced from the structure of the data in Lemma B.3 and from eq.(B.9). Applying ∇ j to (B.9) and commuting derivatives we get
The Einstein equations give
together with Maxwell's equations implies
Applying L K to the second part of Maxwell's equations and using the identity (B.5) as well as the fact that K solves eq.(B.9), we get
Substituting eq.(B.11) in eq.(B.10), we can view the system (B.10), (B.12), (B.13) as a homogeneous linear system for the unknowns L K g, L K F . This system implies a linear symmetric hyperbolic system for the unknowns L K g, ∇ L K g, L K F (cf. [33] ).
We shall show now that these unknowns vanish on N 1 ∪ N 2 . The standard energy estimates for symmetric hyperbolic systems then imply that the fields vanish in fact on D + , which will prove our lemma and thus Proposition B.1. Equation (B.9) restricted to N Using this equation together with eqs.(B.2) and (B.7) and our gauge conditions, we obtain by a direct calculation a system of ODE's of the form
on the null generators of N 
We conclude that ∇ L K g, which vanishes on Z, vanishes on N 1 . In a similar way it follows that ∇ L K g = 0 on N 2 . This completes the proof.
